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Computer-Aided Design of Microstrip
Filters by Iterated Analysis

GARY T. ROAN ANDKAWTHAR A. ZAKI, SEN1ORMEMBER,IEEE

.4bsts-act —An iterative method for the design of microstrip low-pass
elliptic function filters is described. The method, which is a dkect exten-
sion of [1], determines the microstrip line parameters that produce the

same locations of the frequencies of transmission zeros and reflection

zeros of an equivalent lumped-element prototype. Effects of the discontinu-

ities at the junctions are easily accounted for in the iteration. A design

example is included, and an experimental seventh-order filter designed and

constructed using the procedure gives measured results which agree closely
with theory.

I. INTRODUCTION

THIS PAPER is an extension to the distributed element
case of a technique originally introduced in [1] for the

design of lumped-element low-pass filters.
Low-pass filters implemented on microstrip offer an

attractive alternative to other media for miniaturization,
low manufacturing costs, and its potential for integration
with other MIC or MMIC components. Techniques for
realization of such filters on thin, moderate-to-high relative
dielectric constant substrates (e.g., alumina), with cut-off
frequencies in the C band and higher, often lead to un-
satisfactory results (e.g., inclusion of redundant transmis-
sion line elements [2]–[4], impractical impedance levels,
long line lengths, etc.). Similar problems also rise when
semilumped element techniques for Chebyshev filter real-
izations are used [5].

In [6], a good method for the synthesis and realization of
microstrip low-pass filters was presented. This method
uses the complete equivalent circuit of a rectangular micro-
strip as the building block to synthesize the desired filter
response, and thereby avoids the use of redundant ele-
ments. To use this technique, it is essential first to perform
the synthesis of a lumped-element prototype filter (or find
the element values from tables) using the well-known
conventional insertion-loss theory [7].

In this paper an alternative approach is presented for
the design of microstrip low-pass filters of higher order.
The approach extends the principles developed in [1] (which
deals with the lumped-element case) to the distributed
parameter case. The essence of this method is to iteratively
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adjust a set of the filter’s element values until the zeros,
poles, and the scale factor of the characteristic function of
the microstrip filter match their desired values. The method
requires only simple analysis, avoids complications nor-
mally associated with network synthesis of high-degree
networks, and easily takes into account the effects of all
discontinuities and parasitic. The synthesis may not be
optimum, since the transmission and reflection zeros are
optimized for the lumped-element case. In practice, this
results in a nonequiripple passband with lower ripple near
the band edges.

In Section II the design procedure is described. The
process of solution of the poles and zeros of the filter’s
characteristic function is outlined. The method of analysis
uses the simple chain matrix multiplication of the cascaded
elements. This allows the effects of the discontinuities to
be included as “fixed” elements in the cascade. Since the
iterative process requires the calculation of partial deriva-
tives of the response with respect to the parameters of the
elements, an efficient method for doing this is presented.

Section 111 presents results of the application of the
method. Convergence and accuracy of the iteration process
is examined. Considerations for practical implementation
of filters and numerical results of typical designs illustrat-
ing these considerations are presented.

Section IV presents measured results on a seventh-order
experimental filter and compares the measurements with
theory. Conclusions and discussions are included in Sec-
tion V.

II. DESIGNPROCEDURE

The design procedure starts by finding the characteristic
function l?(s) of a low-pass prototype which meets the
loss specifications with an equal-ripple passband. This can
be done by using one of several standard approximation
procedures [8]. The result of this step yields the filter order
n, the passband ripple aP, the transmission zeros u~,, and
the reflection zeros ~0, of a lumped-element prototype,
shown in Fig. 1. The characteristic function is given by

(la)
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Fig. 1. Symmetric low-pass filter prototype (a) and its passband re-
sponse (b) shown for the case n = 7 (N= 3).

where

f(s). =skfil(s’+ti; ,) (lb)

~(s)=lfil(s’+uil) (lC)

and
~=lool”P—l (id)

i14<N, 1> O.,, Um,>l.

The filter insertion loss ratio, defined as the ratio of the
maximum available source power to the output power in
the termination, is related to l?(s) by

H(S)H(– S)=l+I?(S)I?(-.S). (2)

In the following discussion it will be assumed that
the filter order n is odd (n = 2N + 1) and that it pos-
sesses the maximum number of finite transmission zeros
(i.e., Al= N). Under these assumptions the circuit will be
symmetric (i.e., the two port parameters Zll = Zzz). From
a practical viewpoint thk assumption does not represent
any significant restrictions. However, for n even, or for
M < N, the modifications to the design procedure are
straightforward. A microstrip circuit which approximates
the behavior of the lumped-element prototype is shown in
Fig. 2. This circuit consists of a cascade of short lengths of
high-impedance lines of a characteristic impedance 2.,,
alternating with shunt open-circuit stubs. The lengths of
the shunt stubs are chosen such that they produce the loss
poles ti~, (i.e., the poles of l?(s)).

Equivalent circuits of the two types of discontinuities
encountered in the filter of Fig. 2 are shown in Fig. 3. For
the T junction of a stub with the high-impedance line [9]
(Fig. 3(a)), at terminal plane ?_l, the open-circuit stub’s
equivalent circuit, including the end’s fringing capacitance
Cf,, is shown in Fig. 3(b). The stub lengths d~ are chosen

to be

k=l,2,
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,M

(3)

where v~= propagation velocity on the stub, 2., = stub’s
characteristic impedance, and L,L= the stub’s series dis-
continuity inductance of the T junction. The above choices
of the shunt stub lengths ensur~ that the characteristic
function K(s) ~of the network will have the correct poles
(i.e., poles of K(s)). The next step in the design procedure
is to iteratively change the line lengths 1,, i =1,3,5,. . ~,n
and stub characteristic impedances 20, k =1,2,. . . . M
such as to force the characteristic funct{on K(s) to have
the same zeros as I/(s) and the multiplying constant e. A
systematic way to accomplish this is described below [1].

The chain matrix of the filter, which is a lossless recipro-
cal 2-port, at any given frequency u can be written as

(4)

where A, B, C, and D are all real functions of u. The
input reflection coefficient p of the filter terminated in the
normalized unit load is easily shown to be given by

(A- D)+j(B-C)

‘=( A+ D)+j(B+C)”
(5)

The insertion voltage ratio H( jai) and the characteristic
function K(@) are given respectively by [1]

2H(jcJ) = (A+ D)+j(B+C) (6)

2K(j6J) =( A- D)i-j(B-c). (7)

I! the chain matrix of the filter is evaluated at the zeros of
K(s), all of which are simple and lie on the@ axis, then
at each of these zeros (7) gives two real equations:

A–D=O and B- C= O., (8)

Equation (8), when applied at each of the given N
reflection zeros of the filter, result in 2N nonlinear equa-
tions in the n ( = 2N + 1) unknown element values. These
unknowns (see .Fig. 2) are the line lengths /1,13,0“o,1~and
the shunt stub normalized characteristic impedances
2.,,2.,,.. “, ZOM.An additional equaJion is obtained by
matching the behavior of K(s) and K(s) around s = O in
an analogous way to the lumped-element case [1]. The
result of this process (ignoring contributions from discon-
tinuities) gives

(Z. -1/2.,) ~ *,+1 _ ~ 1 d, (9)
2k~ml= ‘

u~
z

,=1 ~=1 ~=1 2., Vk
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Fig. 2. Microstnp realization of the filter of Fig. 1.

ized to the input and output line impedances ZO.) Proof of
(9) follows the same steps as the lumped case in [1].

Solution of the n equations(8)and (9)ismost conveni-
i’k 1 ently accomplished iteratively using Newton’s method, for

T,
L,, : , which the derivativesof the equationswith respectto the

+“’t -- –: ‘a’ \ ‘:
variablesare needed. Derivativesof the chain matrix are

T~ I*

efficiently computed as indicated below [1], [10].
z

i _!_ ‘h ~ %’=
=~=: ;cTk ; ‘o The overall chain matrix T of the filteristhe product of

~, :T, the chain matrices of the individual cascaded sections [10]
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Fig. 3. (a) Equivalent circuit of the T-junction discontinuity. (b) Equiv-
alent circuit of the open stub at terminal plane TI, including fringing
capacitance Cf. (c) Equivalent circuit at junction between input ad
output lines and the first falter section.

where

(lOa)

k2=lf)~,/lo_l (lOb)

and where aP is the passband ripple of the low-pass
prototype. (Note that all impedances Zo,, Zo, are normal-

where Ti is the chain matrix of the ith section, i =
1,2,. ... n, x is the vector of variable network parameters
(i.e., line lengths 11,13,0... 1. and characteristic impedances
Zol, Z02,. . . , Zo~). If x, belongs to section j, then the
partial derivatwe of T(x) with respect to x, is given

by [10]

aT(x)
—= TlT2... ~_1

ax,
‘T
ax, ‘+1

...T~. (12)

Explicit expressions for the individual chain matrices ~
and their derivatives 6’~ /dx,, including the discontinuity
effects, are summarized in Fig. 4.

Let the values of the left-hand sides of (8) and (9), as
computed from the approximate network, be assembled in
any order into a vector g, and let the values of the
right-hand side of these equations be assembled, in
the same order, into a vector ~. Let the vector x of
the element values have the components defined in
Fig. 4 (xz~_l=12~_l, k=l,. . ., M+l, x2~=Zo1, k=
1,2,. ... M), and let the partial derivatives of the left-hand
side of (8) and (9) with respect to x, form the Jacobian
matrix ~. The Newton method then gives the correction
Ax to an approximate vector x as the solution of the n
linear equations [1]:

~Ax=@–g. (13)

J and g are formed simultaneously,two rows at a time,

from the two analysesat each frequency of zero lossas

obtained from Fig. 4. Entriesfor J corresponding to (9)

are simply obtained as (Zok— l/Zok)/UA forx2~+ ~= 12k + ~

or d~/v~ forx2~ = Zo,.
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Fig. 4. (a) Equivalent circuit, chain matrix, and its derivative of input section, including discontinuities. (b) Equivalent
circuit, chain matrix, and its derivative for shunt stub, including discontimrities. (c) Emriva.lent circuit. chain matrix. and its
derivative for a typical high-impedance line section, including ‘&iscontirmities. (d)’E&ivalent circuit,’ chain matrix; and its
derivative for the output section, including discontinuities.

III. NUMERICALRESULTS

A computer program was implemented to carry out the
design procedure described in the previous section. The
line lengths lz~+~, and stub characteristic impedances 2.,,
k=l,2,... , ii4 are initially chosen to be A/16 and 2.,
respectively. The value ZOfiof the high-impedance lines
is chosen to provide the highest possible value for a
reasonable line width on the substrate material
(220 <2., < 2.52.). Then the discontinuities of the equiv-
alent circuits of Fig. 3 are determined from these line
dimensions according to the formulas given in [9]. The
stub lengths dk, k =1,2,. . . . M are then determined from
(3). Then the iterative procedure is started. In each step of
the iteration, after the new shunt stub impedances are
obtained, the corresponding line widths are determined
and the new corresponding discontinuityy reactance com-

puted, which are then used in the next step of the iteration,
This procedure has been tried for several cases and was
found to always converge in a number of iterations which
is dependent on the filter’s order n. For n <7 only about
ten iterations are needed, while for n >12 typically 20 to
25 iterations are required.

An example of a seven-section low-pass filter is pre-
sented below. The filter has a cutoff frequency of 4 GHz, a
minimum stopband attenuation {of40 dB, and a passband
ripple of 0.1733 dB (i.e., maximum passband VSWR = 1.5).
Table I gives the locations of the normalized passband
zero reflection points and stopband attenuation poles. The
final normalized adjusted values of the line lengths and
shunt stub impedances for this filter are given in Table II.

The calculated responses, of the lumped-element proto-
type filter and the distributed parameter filter are shown in
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TABLE I
NORMALIZEDREFLECTIONZEROSAND TRANSMISSIONZEROS

OFA SEVEN-ELEMENTFILTER

Number of elements 7

Pass band ripple (dB ) 1773

~ \fifimum stop band attenuation (dB) 40

I Formalized reflection zeros .JO, 0.5355906

-’0, 0.8586568

+’03 O 9860456

Normalized transrnlsslon zeros ~ml 1,Q3(3(300”

*’c02 1500000

+’cms 1.880000

TABLE II
NORMALIZEDCHARACTERISTICIMPEDANCES,LINE,ANDSTUBLENGTHS

OFA SEVEN-ELEMXNTFILTER

Element Normalized Line length
Impedance (wave lengths)

(, 2.0000 0.095777

dl 1.1171 0.14143

e~ 2.0000 0.15047

d2 2.0345 0.20779

[5 2.0000 0.13935

ds 1.5109 0.17229

e7 2.0000 0.081761

Fig. 5. Thepassband insertion loss response (Fig. 5(a))of
the distribu~ed parameter filter does not exhibit the equal
ripple behavior, but shows a decreasing ripple level closer
to the band edge. The stopband of Fig. 5(b) shows the
spurious response of the distributed parameter filter start-
ingat approximately twice its cutoff frequency.

IV. EXPERIMENTALRESULTS

To verify thedesign procedure, a seven-element low-pass
elliptic function filter with a 0.17 dB passband ripple,
40 dB minimum cutoff band attenuation, and 4 GHz
cutoff frequency was designed, constructed, and tested.
The filter was realized on an alumina substrate 0.025
inches thick. The enlarged conductor pattern of this filter
is shown in Fig. 6. This filter is constructed according to
an earlier version of the design procedure described in
Section II. In that earlier version the transmission zeros
were realized as shunt connected semilumped stubs as
described in Section II. Each semilumped L – C circuitis

realizedas shown in Fig. 6 by a short length of high-

impedance line(approximatingL) in cascade with a short
length of low-impedance line (approximating C). It was
later recognized that single shunt stubs are simpler to use
in terms of the design procedure and practical realization.
The filter responses using either method were almost iden-
tical. The measured and computed insertion and return
loss variations with frequency of the filter (modeled pre-
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Fig. 5. (a) Calculated passband insertion loss responses. (b) Calculated
wideband insertion loss responses.
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Fig. 6. Microstrip distributed filter.

ciselyusing the conductor pattern of Fig. 6) are shown in
Fig. 7. The wide-band measured and computed insertion
loss responses are shown in Fig. 8, showing the spurious
responses up to 12 GHz. Agreement between the measure-
ments and calculations are quite good, in both the pass-
band, the stopband, as well as the far-out spurious re-
sponses. The transmission zeros of the insertion loss are
quite close to their predicted values, and the minimum out
of band response of 38 dB is also in close agreement with
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Fig. 7. Calculated and measured response of the filter.
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Fig. 8. Measured and computed wideband insertion loss response of the
filter showing its far-out spurious responses.

the 40 dB design value. The return loss is also quite close
to the theory. This filter fits on a substrate which measures
1.0 X 1.0 in;hes and its width could be reduced to 0.5
inches, as seen from Fig. 6.

V. CONCLUSIONS
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